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Abstract 

We consider the electron-positron pair creation by a photon in an external constant 
electric field. The presented treatment is based on a purely quasiclassical calculation 
of the imaginary part of the on-shell photon polarization operator. By using this 
approach we find the pair production rate for photons with polarization parallel as well 
as orthogonal to the external electric field in the leading order in the parameter eE/rm?, 
which has been recently found by other methods. For the orthogonal polarization we 
also find a new contribution to the rate, which is leading in the ratio of the photon 
energy to the electron mass a; /m. We also reproduce by a purely geometrical calculation 
the exponential factor in the probability of the stimulated pair creation at arbitrary 
energy of the photon. 



1 Introduction. 



One of the well known problems in QED is that of spontaneous creation of electron-positron 
pairs in an external electromagnetic field. This phenomenon, predicted theoretically long ago 
[1, 2] and conventionally called a Schwinger process [3], is greatly suppressed for practically 
achievable strength E of the electric field. Indeed the rate of pair creation in a field that is 
less than the critical one E'crit = m^/e ~ IQ-*^^ V/cm is exponentially suppressed. Namely 
the rate of pair creation per unit time and in unit volume V is given by 



It has been recently suggested [4], that the creation rate can be enhanced by superposing 
a weak beam of energetic photons with a strong, but low-frequency electric field, that can 
be created by lasers. The slow laser pulse can be treated as a constant electric field, and 
the problem is thus reduced to that of a photon-stimulated Schwinger pair creation. The 
appropriate quantity characterizing the effect of the photon on the pair production can be 
formulated as the attenuation rate k for the photon propagation, so that the intensity of the 
photon beam decreases at length L as exp(— kL) due to the photon absorption by creation 
of the e'^e~ pairs. The attenuation rate, in turn, can be related to the on-shell imaginary 
part of the vacuum polarization operator 11 in external electric field [5] : 



A calculation of the attenuation rate for the photons based on this formula has been recently 
performed [5] using an integral representation [6] for the exact one-loop QED vacuum polar- 
ization in an external field. In this way explicit formulas were found at small energy of the 
photon uj/m <^ 1, as well as the behavior of the exponential factor in the pair production 
rate at arbitrary uj. A similar result in the small ou limit has been also found [7] directly in 
terms of k by using a thermal bath approach [8, 9] and applying a semiclassical treatment 
to the Schwinger process at a small but finite temperature. 

In the present paper we consider the on-shell imaginary part of the vacuum polariza- 
tion operator in external field within a purely semiclassical approach not using the integral 
form [6]. We believe that such an approach provides some additional insight in the phys- 
ical origin of various terms describing the photon-stimulated pair production, which may 
be useful in further studies of this subject. In terms of the specific results in this paper 
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we reproduce the formulas of Refs. [5, 7], and additionally calculate a contribution to the 
attenuation rate arising from the electron magnetic moment, which contribution dominates, 
in a situation where uj^ is larger than eE^ over that recently found [5] for photons polarized 
orthogonally to the external field. 

There are two dimensionless parameters in the considered problem (apart from fine struc- 
ture constant a = e'^/An), namely eE/rn^ and u/m. The polarization operator can be split 
into two parts n(g) = + n_L, corresponding to the photons having their polarization 
along or orthogonal to the field. In the leading order in eE/in^ only the parallel part of the 
polarization operator develops imaginary part Q^ny = Try [5, 7], 



Try = —2am {"yg) exp 



Tim 
'~eE 



(3) 



with 7e = mxjsinO/eE being the well-known Keldysh parameter and 9 is the angle between 
the field and the photon propagation direction. Finally, Iniz) is the standard notation for 
the modified Bessel function. The formula in Eq.(3) is vafid for arbitrary values of 7^ as long 
as the photon energy is small as compared to the electron mass, u;^ <^ m^. 

The orthogonal part of the polarization tensor develops imaginary part only in the next 
order in eE/m^. We find here the following explicit expression for $>nx = tt^ in this order 
in eE/m^, at arbitrary 751 and small ui: 



TTx = --eE (1 - Ili^e)) exp 



eE 



(4) 



We also argue here that there is another potentially important contribution to the n± 
coming from the interaction of the photon with the electron magnetic moment 
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The suppression of this term in comparison with the parallel part (3) is governed by the 
parameter w^/m^, rather than eE/m^ as is the case for the term in Eq.(4). Thus the 
magnetic contribution is more important if ui^ ^ eE, which situation is quite compatible 
with both u;^ and eE being much smaller than m^. 

Our treatment is based on considering the semiclassical tunneling trajectory for the 
electron in the electric field. Within this approach the parallel part (3) and the magnetic one 
(5) arise as purely classical correlators of respectively the classical current and the current 
associated with the magnetic moment on an unperturbed semiclassical trajectory. The term 
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(4) arises from small fluctuations, 'zitterbewegung', orthogonal to the electric fleld around 
the same unperturbed trajectory. The results in the equations (3) - (5) are derived assuming 
that the deformation by the photon of the trajectory is small. At large photon energy this 
approximation is no longer valid and the deformation of the tunneling path should be taken 
into account. In what follows we find the semiclassical trajectory for an arbitrary energy of 
the photon and calculate the action on the resulting trajectory by purely geometrical means. 
As usual, the (Euclidean) action S describes the exponential factor e"*^ in the rate. Our 
result reads as 



TTiu ~ exp 



2m^ eE A 2m 
7e - — FT + TT-^ 70 arctan 
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(6) 



eE 2m2 '"J eE-fe_ 
and reproduces that found in Ref. [5]. 

The material in this paper is organized as follows. In Section 2 we describe the treatment 
of the problem in terms of Euclidean space effective action, and in Section 3 present a calcu- 
lation of the parallel and orthogonal absorptive parts 7r|| and tt^ of the vacuum polarization 
due to the 'electric' interaction of the electron. In Section 4 we consider the contribution of 
the electron magnetic moment to the effective action and calculate its contribution to the 
'magnetic' part of ttj,. In Section 5 we consider the tunneling trajectory deformed by the 
incident photon at arbitrary energy and calculate the exponential factor in the rate of the 
process. We summarize and discuss our results in Section 6, and some technical points of 
the calculation are described in the Appendices A and B. 



2 Semiclassical approach. 

To find the production rate of the electron-positron pairs in an external electric field we can 
employ the method similar to the one used in the problem of a metastable vacuum decay 
[10, 11, 12, 13]. The production rate is related to the imaginary part of the vacuum energy 
r = — 2Im£'vac, which can be found in terms of the (Euclidean) path integral Z in the theory 
as 

g-BvacT = Z = J ViljVi)VA^e-^^'^'^'^\ (7) 

The contribution of configurations with e^e^ pairs, giving rise to the instability of the 
vacuum in the presence of an external electric field, can be rewritten in terms of an integral 
over closed trajectories of the electron [14, 15, 16]. The actual integration is then done 
semiclassically using the saddle point method. The stationary configuration (trajectory) 
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for the action in this case is called the bounce and is given by a circle of a fixed radius 
R = m/{eE). The leading exponent and the determinant around the bounce combine to 
give the semiclassical result for the process rate per unit time and unit volume V: 

The imaginary part of the path integral arises from the integration over one negative mode 
of the action at the bounce configuration as explained in great detail in Refs. [10, 12]. 

For the case at hand we use the same approach, except that we calculate the correlator of 
currents rather than the vacuum energy. The interaction between the electromagnetic field 
and the current is described by the familiar Lagrangian Cmt — ^/zi/i, so that the vacuum 
polarization operator is given by the standard expression 

n^.(^) = {3,{x)3um = I / VAVi^Vi;j^{x)jM e-^[^'^l (9) 

Due to the instability (metastability) of the vacuum in an external electric field, the vacuum 
polarization develops an imaginary part ti{x) = '^Il{x). In a semiclassical approach this 
imaginary part is evaluated similarly to the imaginary part of the vacuum energy by calcu- 
lating the correlator of the currents on the bounce configuration. In terms of the effective 
action for the electron trajectories 7 the correlator then can be found by integrating over 7 
the product of the currents on each of the trajectories: 

{j,ix)m) = / V^j;ix)j2iO)e-'l'^^ , (10) 

where the explicit form of the action 5" [7] in the external potential ^4^''* has the standard 
form 

5 = £ (m^I^ - eA-^X^) ds, (11) 

with Xi^{s) describing the trajectory 7 in terms of the position as a function of the length 
parameter s, and the dot standing for the derivative X — dX/ds. 

It should be noted that the vacuum in a constant electric field is invariant under space- 
time translations. As a result the probability of the spontaneous pair creation is proportional 
to the the space time volume. This is refiected in Eq.(8) in that a finite physical quantity is 
the rate per unit time and per unit volume. In terms of a path integration around the bounce 
configuration the translational invariance corresponds to the existence of four translational 
zero modes of the action at the bounce. The integration over these modes then corresponds 
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to an integral over the space-time position (x^) b of the bounce, and the proper measure for 
the imaginary part of the integral (arising from the exponential exp(— S'b) and the integration 
over the nonzero modes) can be read directly off Eq.(8). For the bounce contribution to the 
imaginary part tt^u of the vacuum polarization U^,^ the proper expression takes the form 



TT 



where the (. . .)xg stands for the correlator calculated with a fixed position xb of the bounce. 




^ t 



Figure 1: 



3 Calculating ttii and 7r±. 



In this and the next section we consider the situation when the energy of the photon is small 
compared to the mass of the electron u <^m. This limit allows one to use the same bounce 
configuration as in the spontaneous pair production case. To find the polarization operator 
in the leading order in the small parameter eEjw? one can neglect all the spinor structure 
of the current p and take it in the form 



e / X^{s)5\x- X{s))ds . 



(13) 



In the saddle point approximation one finds the tunneling trajectory, the bounce, which is 
a solution to the classical equations of motion corresponding to the action (11) X^{s). In 
order to take into account small fluctuations around the stationary path one can parametrize 
the trajectory X{s) as 

(14) 
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Therefore the correlator (10) takes the form 



(j^(x)j.(O)) = 

Vids,ds2 [x^{s,)X^{s^)+i^^{s{)i^{s^)\ 5' (x - X^{s{)) 5' (x^{s,)) e"^--^^^5) 

The first term in the straight braces in (15) corresponds to the calculation of the correlator 
using undisturbed electron trajectory (see Fig. 1), while the second term corresponds to the 
fluctuations of the bounce shown in Fig. 2. 




^ t 



Figure 2: 



We choose the coordinate axes in such a way that the external electric field is in the x 
direction, so that the bounce is a circle in the (t, x) plane, and start with calculating the 
leading part in the correlator (15). For a bounce centered at the origin, the current can be 
expressed in the cylindrical coordinates (r, ?/, z) as 

j^(x) = e j X^{s) 5\x - X{s)) ds = en^{e)5{r - R)S{y)S{z), (16) 

where = (— sin if, cos 0, 0) is a tangential unit vector to the circle. As previously argued, 
the leading contribution to the polarization tensor comes from the parallel part. Indeed, the 
current from the bounce has no components in the transverse to the plane {t, x) directions. 
Therefore it is obvious that only j^j^ with a,b = 0,1 produce nonzero result. Integration 
over the zero modes xb (the position of the bounce) can be readily performed giving 

/ d'xsj^{x)j^{0) = ^^^^^=J^^(^)^(^)' (17) 

where r is the length of the vector in the plane {t,x), r = \/W+x^ (some details of the 
calculation can be found in Appendix A). Performing also the Fourier transform of the 
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polarization operator 



(18) 



and inserting the proper integration measure from Eq.(12) one finally finds 




(19) 



where q'^ = Qq + qf- Clearly, the dependence on \/—q'^ R in terms of the Euclidean variables 
translates into the dependence on 7^ for an on-shell photon propagating in the Minkowski 
space. Indeed for a photon with four-momentum k one has —q^ — uj"^ — k^. — uj"^ sin^^, so 
that 



given that R — m/{eE). With this substitution the expression in (19) reduces to that in 
Eq.(3), which coincides with the recently obtained result [5, 7]. 

The calculation of the second term in (15) can also be done in a standard way. It is 
obvious that the contribution to the orthogonal part of the polarization tensor comes from 
the fluctuations of the trajectory in transverse directions, and for the purpose of calculation 
it is sufficient to consider one of the orthogonal directions, e.g. that along the z axis. It then 
follows from (15) that the orthogonal part of the polarization operator is determined by the 
path integral 



= (J3(^)J3(0)) = / Vids,ds^ii{s,)ii{s^)5' (x-X^{s,)) 5' {x^is^)) e-^-'^^Kl . 



Expanding the ^^{s) in a Fourier series, integrating over the amplitude of each mode and 
making the Fourier transformation we find the expression (4), with the details of the calcu- 
lation described in Appendix B. 

4 The magnetic moment term tt^^ 

As it was mentioned before, there is another contribution to the orthogonal vacuum po- 
larization 7r_L that is suppressed by the parameter uj^jrr? rather than by {eE/m?). This 
contribution arises from the spinor structure of the current. The electron has a magnetic 
moment ji — e/(2m). The interaction between the field and the magnetic moment in the 




(20) 



(21) 
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rest frame of electron is given by —jIB. The relativistic expression for such an interaction 
has the form 

Ant = ^ e^uXaF^ufxil = ^ (^nvXad^^Ayixxil A^d^e^u\af\j2, (22) 

where fx is a relativistic generalization of a unit vector in the direction of polarization of 

— * — * 

the electron. Namely, if / with |/| = 1 describes the polarization of the electron in its rest 
frame, in a frame where the electron four-momentum is (e, p) the four- vector fx has the form: 

— * — * — * 

[{p- f)/m,f + p{p- /)/(e + m)m]. The current j2 in Eq.(22) is the same as given by the 
expression (13). Thus a calculation of tt^ is reduced to an evaluation of the correlator of the 
currents 

j"^ - -^e^uxafxd,jl (23) 

The required expression can in fact be found using the formula for the correlator of the cur- 
rents from Eq.(13). Indeed, the correlator can be reduced to the calculation of 02(^)^6 (0)) 
as 

Or(^)jp"^(0)) = ^ e,^x. fx e^,pr fp d, {fAx)jm)- (24) 

We then find that after averaging over the transverse indices 2 and 3 the Fourier transform 
of this expression takes a simple form: 

^± = I (^22 + TTaa) = fl q\\ = n{q') (25) 

with q^, as previously, being the square of the two dimensional Euclidean vector related 
to the photon momentum as —q'^ — uJ^ sin^ Q. Clearly, the formula (25) gives the relation 
between the expressions in Eq.(5) and Eq.(3). 



5 Polarization operator at arbitrary uj. 

In order to find the vacuum polarization tensor for arbitrary frequency of the photon one 
should take into account the deformation of the tunneling trajectory by the photon energy 
and momentum. This deformation is driven by two opposing factors. On one hand the 
photon supplies the energy to the pair while on the other hand it transfers its momentum 
to the e^e" pair which increases the energy barrier for tunneling. A proper treatment of 
these effects amounts to finding the new configuration and calculating the action on it. The 
notation takes a simple form if one first performs a Lorentz transformation in the direction 
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X 




^ t 



Figure 3: 



of the electric field such that sets the longitudinal momentum of the photon to zero, = 0, 
and also the transverse axes are chosen so that ky = 0. In terms of the initial energy u and 
the incident angle 6 of the photon the four-momentum of the photon in the new frame has 
the form (a;sin6', 0, 0,c<;sin6'). The proper trajectory is then found by solving the classical 
(Euclidean) equations of motion corresponding to the modified action 



where (f is the angular coordinate of the projection of the trajectory on the (t, x) plane, and 
x' = dx/dif. The expression (26) allows for the electron to have nonzero momentum in the z 
direction (it should be mentioned that in the Euclidean version this momentum is imaginary 
ip). T and Z are the sizes of the loop along the t and z directions correspondingly, and 
the last two terms in (26) are given by the negative of the Euclidean action of the photon, 
corresponding to the gap in the photon propagation over the duration and the extent in the 
z direction of the e"'"e~loop. Such an approach is similar to the one described in [17, 18]. As 
usually, the equations of motion for the particle in external electromagnetic field are 




(26) 



m 




(27) 



Solving these one gets 



t 




COSip + Co, 



eE 



sin + Ci 



X 



eE 



z 



(28) 
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where are constants. One can see from the expressions (28) that the projection of the 
trajectory on the {t,x) plane consists of two arcs of a circle with the radius ^/p^ + m'^/eE. 
Introducing the angle spanned by each of the arcs as 2% and substituting the solution back 
to Eq.(26), one finds 

^ 4m^Y 2Y(m^+p^) m^+p^ 2uj sin 9 ^ip^ + 2a;sin^pX 

— ^ ^ \ ^^sin2x sinx+ • 29 

eE eE eE eE eE 

Minimizing the action with respect to x P gives the expression (6), which coincides with 
the one derived by another technique in [5] ^. 



6 Summary and discussion. 

In this paper we have considered the photon-stimulated Schwinger process in terms of a 
calculation of the vacuum polarization operator by purely semiclassical means. At the value 
of the electric field much smaller than Ecnt the radius R — m/{eE) is large in comparison 
with the Compton wavelength 1/m, so that an expansion in eE/rri^ is in fact an expansion 
in the curvature of the semiclassical trajectory divided by m?. A small curvature at each 
point of the tunneling path implies that one can employ a nonrelativistic expansion in the 
co-moving frame, which in fact is a way of interpreting the treatment described in this paper. 

The dominant in the parameter eE/m^ effect arises for the photons with polarization 
along the external electric field. As can be seen from the discussed here calculation this 
effect is described by essentially the classical current of the charged particles on the tunnel- 
ing trajectory interacting with field of the incident photon. Such an origin of this leading 
contribution is also in full agreement with the behavior described in our recent paper [7] 
where the same effect originates from a classical interaction in a thermal treatment of the 
Schwinger process. Clearly, this part is not sensitive to the electron spin and has exactly 
the same form for creation of pairs of spinless particles (modulo the statistical spin factor 
of two) . In terms of a nonrelativistic expansion in the co- moving frame this contribution is 
that of the electrostatic interaction. 

For photons with polarization orthogonal to the electric field, however, there are two 
types of contribution to the stimulated pair production. One source, also independent of 
the spin, arises from the interaction of the incident photon with the current due to the 

^One can readily notice that the derived in this way values of x and p correspond to enforcing the energy 
and momentum conservation in the creation and annihilation of the pair by the photon 
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fluctuations of the tunneling trajectory in the direction perpendicular to the external fleld. 
This effect, described by Eq.(4), in fact requires an equivalent of a one-loop calculation as 
discussed in the Appendix B. In the nonrelativistic interpretation this contribution is that 
of the interaction of a particle having velocity v with the vector potential A. It can be noted 
in connection with the calculation of this effect that the photon energy dependence required 
by the gauge invariance is ensured by the subtraction in Eq.(4) of the constant term, which 
automatically arises as a result of the summation in Eq.(47). This constant term is analogous 
to the well known 'sea gull' type graph in QED of scalar particles. 

An effect of the electron spin in the discussed process arises for photons with polarization 
orthogonal to the external fleld through the interaction in the co-moving frame of the electron 
magnetic moment with the photon. As discussed in the Section 4, once the 'quantum' origin 
of this contribution is absorbed in the magnetic interaction, the rest of the calculation is 
again essentially classical. Formally, the effect of this term is of a higher (second) order in 
the expansion in the ratio eE/rn^ as compared to that given by Eq.(4), and is suppressed 
at small values of 79. However at 70 of order one and larger the ratio of the magnetic 
contribution to that in Eq.(4) is of the order of (w sinOY / {eE)^ which is an independent 
dimensionless parameter in the problem, and there is generally no reason to assume that 
this parameter is small. 

A deformation of the tunneling trajectory due to the interaction with the incident photon 
can be neglected as long as the photon energy is small: 00 <^m. In terms of the expansion in 
the co-moving frame this corresponds to appearance of only a weak 'kink' in the trajectory 
at the point of interaction with the photon, which does not invalidate the expansion in 
small curvature. However at larger u the kink is 'strong' and the approximation of an 
unperturbed tunneling path is not valid. Although at present a full calculation in this 
situation is not available, the exponential factor in the stimulated rate of pair creation can 
be found using the effective action approach, previously applied [17, 18] in similar problems 
related to an induced decay of metastable vacuum. Proceeding in this way, we have arrived 
at the exponential factor in Eq.(6), which is valid at an arbitrary energy u: of the photon. 
The exponential power in this factor can be expanded in 70 as 



^lU-exp --^ + 27.-^7.^^ + 



(30) 



which shows that indeed the parameter for the expansion is eE/m^ — uisvae /m, and the 
higher terms are small as long as a; <^ m. It is also satisfying to notice that the linear in 751 
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term in Eq.(30) agrees with the large 70 asymptotic behavior of the Bessel functions in the 
equations (3) - (5). In other words, those expressions describe, including the preexponential 
factors, the matching between the low energy and the high energy behavior of the pair 
creation rate. Clearly the overlap region for these two types of expressions is determined by 
the condition 1 <C 70 <^ w? /{eE). 
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Appendices 



A 



TTl 



Let us consider the circular electron trajectory (the bounce) with the center located at 
Xb — {ts, Xb, Ub, zb)- The current at points (0, x, y, z) and (0, 0, 0, 0) (we can always choose 
such a coordinate system) is found using the expression (16) 



jf(0) = e 



{xb - X, -tB) 



r2 

{xb, -tB) 

n 



S{r2 - R) S{y - y^) S{z - zb), 



S{n-R)d{yB)S{zB), 



(31) 



where ri = \Jt\ + x\, r2 = \Jt\ + {xb — xY , and a and h are the two-dimensional indices 
in the {t,x) plane. Therefore one finds that the l.h.s. of the (17) can be rewritten as 



/ 



(Mb dxB ( (xb - x)xb -{xb - x)tB 



r\r2 



—XBtB 



f2 



d{n-R)5{r2-R)d{y)d{z). 



(32) 



One can integrate over ri and r2 instead of and xb, taking into account the Jacobian of 
the transformation. 



d{tB,XB) 

d{ri,r2) 



rir2 

x\tB\' 



(33) 



12 



The integration of the deha functions reduces to calculation of the expression in the 
integral for two configurations shown in Fig. 4. As a result one gets the l.h.s. of Eq.(17) in 




(0,0)**' 



Figure 4: 



the form 

\ 5{y)5{z) 




4i?2 _ y X V4i?2 - x2 ■ ^^^^ 

As follows from the symmetries in the problem the integral can be generally written in the 
form 

j d^XB Jaix)jbiO) = ranB + A5ab, (35) 

where yet unknown coefficient functions A and B depend only on the SO (2) invariant length 
r = \rtF+x^. Comparing (34) with (35) we find these coefficient functions and arrive at the 
following expression 

d'xsj^ix)j^{0) = ^-^^^^^^Wiz). (36) 

As a cross check it can be readily verified that the found expression satisfies the current 
conservation d^{j^{x)jy{Gi)) = 0. Due to this property the Fourier transform of this correlator 
has the standard orthogonal form 

vr..(g^) = L - ^) vr(g^), (37) 
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where 7r(g^) = TTaaiQ^) (the summation over a is imphed). 

= ^^47rWj,^(gi?). (38) 
Taking into account that = —cu^sm^O, we find the expression in Eq.(3) for Try. 

B The 'electric' part of 7v± 

The part of the action 6S[^] arising from the fluctuations of the electron trajectory in the 
transverse direction Sz = ^3 has the form 

SS[^]^Ss[^s]-elAs^sds, (39) 

with 

S3[C3]-^Jdsil, (40) 

and where s is an arbitrary parameter on the trajectory, we choose it to be the length 
parameter of the unperturbed bounce, so that s e [0, 27ri?]. For the bounce centered at the 
origin on can write the additional current associated with the fluctuation as 

jl = eUs)dir-R)diy)diz). (41) 

In order to flnd the correlator 

{jk^)jlm - / njkx)jl{0)e-'--'^^\ (42) 

we again choose the coordinate system where x — (0, x, y, z). Then 

jk^) = ei3{si)5{ri- R)6{yB-y)S{zB- z), 

j1(0) = eUs2)S{r2-R)S{yB)S{zB). (43) 

According to Eq.(12) the contribution of this current to the imaginary part of the polarization 
operator can then be written as 

^33(x) --l^J d'xB V^,3f{x) jf (0) j ,-53^ (44) 
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where the j^^ is the current corresponding to the bounce centered ai Xb- Integrating over 
the position of the bounce one gets 



7r33(a^) = - 



1 r 

2V 



X 



x^ 



6{y)6{z) I V^sUsM-s)e-'''/ I V^se-''\ (45) 



-S3 



where s — R a,Tctan{x / \/4R? — x"^). An expansion of the fluctuation ^3(5) in the Fourier 
series 



Us) 



ao 



+ E 



'27r „=i 

reduces the expression (45) to the following 

1 r 2 4i?2 

7r33(a:;) = ---e — 

^ V TTX 



a,„ ns hn ns 
—p= cos -— H -p= sin -— 



(46) 



X 



X 



/ [da db] y^n'Ul cos' ^-al sin^ ^) e" 

J n=i V R Ry 



1 r 



4R 



2 K mnx\/ AR^ — x"^ 



°° 2ns 

cos — S{y)S{z) 



R 



1 r 



4R 



2 y 27rma;\/4i?2 - 



2 Vi? 



1 



S{y)S{z). 



(47) 



The component 7133 of the vacuum polarization is a scalar with respect to rotation in the 
{t, x) plain. Therefore it is a function of the invariant r = y/t'^ + x^, so that the invariant 
expression for the correlator in an arbitrary coordinate system can be obtained substituting 
X — > r in Eq.(47). Proceeding in this manner and performing the Fourier transform, we find 



7r33 = 7r_L = -eE (l - /o(7e)) exp 



Tim 



eE 



(48) 
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